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We generalized the Fermi liquid theory to N component systems with SU(N) symmetry. We
emphasize the important role of fluctuations when N is large. These fluctuations dramatically
modifies the properties for repulsive Fermi gases, in particular the spin susceptibility.
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I. INTRODUCTION
Recent advances in the field of cold atoms provide us
with many new opportunities to study quantum multi-
particle physics [1, 2], in systems or with methods often
not available in traditional condensed matter settings.
In this paper, we consider one such example, namely
fermionic systems with SU(N) symmetry, with N > 2.
This is naturally available in cold atomic gases of alka-
line atoms [3–9] without much fine tuning [10–12]. With
two electrons in the outermost shell and in the total spin
and orbital angular momentum zero state, the hyperfine
spin f of the atom is due entirely to the nuclear spin,
which however basically has no influence on the particle-
particle scattering length which parameterizes the effec-
tive interaction in the dilute, low energy limit. The effec-
tive interaction is thus automatically SU(N) symmetric,
with N the number of species trapped. If all sublevels
are trapped, then N = 2f +1. N can also be any count-
ing number less than (2f +1), if only a subset of them is
trapped [6–8]. N can thus be > 2 if f > 1/2. Recently,
a lot of experimental progress has been made on these
systems. In particular both the Fermi gases 173Yb with
f = 5/2 and 87Sr with f = 9/2 have been cooled to quan-
tum degeneracy [3, 4]. The Mott state of such a multi-
component system has already been reached [9]. Many
theorists have predicted that this Mott state should ex-
hibit exotic ordering at low temperatures[11–17]. Also
available are degenerate Bose-Fermi mixtures [6, 7] and
Fermi-Fermi mixtures [5]. This latter system has SU(2)
× SU(6) symmetry and can in principle hosts a very in-
teresting superfluid[18], though this regime is yet to be
achieved.
In this paper, we study one aspect of the SU(N)
fermionic systems which should be readily accessible ex-
perimentally, namely their Fermi liquid properties. In its
original form [19–21], the Landau Fermi liquid theory was
intended for a two-component system with SU(2) sym-
metry. We generalize the theory to SU(N). We evaluate
the Fermi liquid parameters, in particular in the dilute
limit. We obtain the compressibility and the generalized
magnetic susceptibilities of this gas. These quantities
can be readily measured by monitoring the density pro-
file and relative number fluctuations. We illuminate in
particular how these quantities depend on the number of
components. We show that an increase in this number
leads to a dramatic suppression of the spin susceptibility
of repulsive gases. This is a consequence of an enhanced
effective repulsion between identical particles, generated
by induced density fluctuations of the other species.
II. FORMULATION
The Hamiltonian of our system is given by
H =
∑
~kγ
(
k2
2M
− µ
)
a†~kγ
a~kγ +
g
2
∑
~k1~k2~k3~k4,γ1 6=γ2
a†~k1γ1
a†~k2γ2
a~k3γ2a~k4γ1δ~k1+~k2,~k3+~k4(1)
where the first term is the kinetic energy and the second,
the interaction. a†~kγ
and a~kγ are the creation and an-
nihilation operators for a Fermion of the γ species with
momentum ~k, M is the atomic mass, and µ is the chem-
ical potential, assumed identical for all the species at the
moment. g characterizes the short range two-body inter-
action, which will be eliminated in favor of the s-wave
scattering length between the particles. In the inter-
action term, it is sufficient to include γ1 6= γ2 due to
Fermionic antisymmetry. g is independent of the species
involved, so we do not have spin conversion processes
in the sense that the outgoing particles must have the
same spin indices γ1, γ2 as the incoming particles. Eq
(1) can be obtained from the more general Hamiltonian
in [22] if we set all the scattering lengths there to be
equal. Hereafter, to avoid possible confusion with the
particle number, the number of species will be denoted
as Nc. Eq (1) has SU(Nc) symmetry since it is invariant
under any unitary transformation (aα →
∑
α′ Uαα′aα′
with Uαα′ unitary) among the Nc species involved.
In Fermi liquid theory, the low energy Fermionic exci-
tations are described by quasiparticle excitations δnδγ(~k)
at ~k. δnδγ(~k) is an Nc×Nc matrix in the species indices.
The change in quasiparticle energy at ~k is δǫαβ(~k), also
an Nc ×Nc matrix, related to δnδγ by
2δǫαβ(~k) =
∑
~k′γδ
fαγ,βδ(~k,~k
′)δnδγ(~k
′) (2)
where it is understood that all ~k, ~k′ are near the Fermi
surface. Our notations are generalization of those in [23]
from two to Nc species. Slightly different notations were
used in [10]. Ref [10] parameterized fαγ,βδ as
fαγ,βδ(~k,~k
′) = fs(~k,~k
′)δαβδγδ + 4fm(~k,~k
′)
∑
a
T aαβT
a
γδ
(3)
where the matrices Ta, a = 1, . . . , N2c − 1 are the
(traceless) generators of SU(Nc) with the normalization
Tr[TaTb] = 12δ
ab, and Tr denotes the trace. Here, we
have defined fm which differs from [10] by a factor of 2
so that eq (3) will reduce to the form of [23] if Nc = 2
where Ta will become σa/2 with σa being the Pauli ma-
trices. Eq (3) implies that, if we write
δnδγ(~k) =
δn(~k)
Nc
δδγ +
1
2
δmδγ (4)
with
δmδγ =
∑
a
maT aδγ (5)
and
δǫαβ(~k) = δǫs(~k)δαβ − δhαβ (6)
with
δhαβ =
∑
a
δhaT aαβ , (7)
that is, we separate out, for both δnαβ and δǫαβ the
parts that are proportional to the identity matrix and
those which are linear combinations involving Ta’s , we
get
δǫs(~k) =
∑
~k′
fs(~k,~k
′)δn(~k′) (8)
and
δha(~k) = −
∑
~k′
fm(~k,~k
′)ma(~k′) (9)
The above form is suggested by the fact that δn(~k) =∑
γ δnγγ(
~k) is the total density change at ~k, and δma(~k)
is a generalized magnetization. Under a unitary trans-
formation among the components, δn(~k) is invariant
whereas δma would transform among each other. Sim-
ilarly, δǫs(~k) is the part of δǫαβ that is invariant under
SU(Nc), whereas δh
a(~k) is a kind of generalized magnetic
field.
For our later purposes, we shall instead use
fαγ,βδ(~k,~k
′) =
(
fs(~k,~k
′)−
2
Nc
fm(~k,~k
′)
)
δαβδγδ
+2fm(~k,~k
′)δαδδβγ (10)
That this parametrization is possible is suggested by
the fact that δαβδγδ and δαδδβγ are two linearly inde-
pendent invariants under the SU(Nc) transformations,
and eq (3) also just contains two such invariants. In-
deed, it is simple to verify that, when eq (4-7) are
substituted in eq (10), we obtain the same δǫs(~k) and
δha(~k) as in eq (8) and (9). Note that we simply have
δhαβ(~k) = −
∑
~k′ fm(
~k,~k′)δmαβ(~k
′).
Eq (10) is particularly easy to understand if we con-
sider the special case where all distribution functions are
diagonal, that is, δnδγ(~k) = δnγ(~k)δδγ (γ not summed).
Then δǫαβ(~k) is also diagonal and can be written as
δǫαδαβ . By SU(Nc) symmetry, we expect
δǫα(~k) =
∑
~k′
fαα(~k,~k
′)δnα(~k
′)+
∑
~k′β 6=α
fαβ 6=α(~k,~k
′)δnβ(~k
′)
(11)
with fαα independent of α and fαβ 6=α independent of the
species involved (so long as they are distinct). fαα and
fαβ 6=α play the role of effective interaction between iden-
tical and distinguishable species, respectively. Indeed, eq
(10) and eq (11) are equivalent if
fαα(~k,~k
′) = fs(~k,~k
′) + 2
(
1−
1
Nc
)
fm(~k,~k
′)(12)
fαβ 6=α(~k,~k
′) = fs(~k,~k
′)−
2
Nc
fm(~k,~k
′) (13)
We shall make use of these expressions below.
With the Landau liquid formulation, it is straight-
forward to evaluate the response of the system to ex-
ternal perturbations. Consider uniform, ~k independent
external potentials parameterized in the form δǫextαβ =
δǫexts δαβ − δh
ext
αβ with δh
ext
αβ =
∑
a h
a,extT aαβ in analogy
with eq (6) and (7). One can easily show that (see
Supplemental Material [24]) the density change δn =∑
~k δn(
~k) ≡
(
dn
dǫext
s
)
δǫexts and is thus linear in δǫ
ext
s and
independent of δhaext, and similarly ma = χδha,ext inde-
pendent of δǫexts . Since a uniform increase in energy for
all the species is equivalent to a lowering of the chemical
potential µ, we shall write dndǫext
s
= − dndµ . We obtain
dn
dµ
=
NcN(0)
1 +NcN(0)f0,s
(14)
and
χ =
2N(0)
1 + 2N(0)f0,m
(15)
Here f0,s and f0,m are the angular averages of fs(~k,~k
′)
and fm(~k,~k
′) over the Fermi surface, andN(0) is the den-
sity of states at the Fermi level for a single species, given
3by M
∗kF
2π2 where M
∗ is the effective mass of the quasipar-
ticles, and kF is related to the equilibrium density of a
single species by nα = k
3
F /6π
2. Note that χ is indepen-
dent of a, as expected from SU(Nc) symmetry. Hence
the matrix δmαβ and δh
ext
αβ are simply proportional to
each other. M∗ can be obtained by considering Galilean
invariance, as in the two-component case [23]. We obtain
M∗/M = 1 +NcN(0)f1,s/3 (16)
with f1,s ≡ 3〈(kˆ · kˆ
′)fs(~k,~k
′)〉 where kˆ is the unit vector
along ~k and the angular bracket denotes angular average.
The speed of sound u of the gas is related to dndµ by u
2 =
n
M
(
dn
dµ
)
, with M the atomic (bare) mass.
III. DILUTE GAS AND 1/Nc EXPANSIONS
So far we only discussed the general formalism. Now
we specialize to the dilute limit and evaluate the quasi-
particle interaction fαγ,βδ(~k,~k
′) to second order in the
interaction g. One way to proceed is to write down the
total energy of the system up to g2 and then take the
derivative with respect to the occupation numbers (in
the special case where all occupation numbers are diago-
nal), as done in [23] for the two-component system. We
immediately obtain
fαα(~k,~k
′) = −
(
4πa
M
)2  1
V
∑
~k1,~k2,γ 6=α
nγ(~k2)− nγ(~k1)
k2
2
−k2
1
2M
δ~k2+~k′,~k1+~k

 (17)
and
fαβ 6=α(~k,~k
′) =
(
4πa
M
)
−
(
4πa
M
)2  1
V
∑
~k1,~k2
nα(~k2)− nβ(~k1)
k2
2
−k2
1
2M
δ~k2+~k′,~k1+~k +
1
V
∑
~k1,~k2
nα(~k1) + nβ(~k2)
2k2
F
−k2
2
−k2
1
2M
δ~k1+~k2,~k+~k′

 (18)
Here V is the volume, a the s-wave scattering length,
and nγ(~k) is the equilibrium occupation number at ~k for
γ species (and thus equals unity if k < kF and zero oth-
erwise). Compared with the spin 1/2 system, where we
shall denote the interaction between identical species as
f
(1/2)
++ (
~k,~k′) and distinguishable species as f
(1/2)
+− (
~k,~k′) as
in [23], we see that
fαα(~k,~k
′) = (Nc − 1)f
(1/2)
++ (
~k,~k′) (19)
and
fαβ 6=α(~k,~k
′) = f
(1/2)
+− (
~k,~k′) (20)
and thus they can be directly obtained from the results
for the spin 1/2 system.
It is however more instructive to understand eq (19)
and (20) in terms of Feymann diagrams. fαγ,βδ(~k,~k
′)
can be expressed in terms of a special limit of the four
point vertex function Γ via [23, 25]
fαγ,βδ(~k,~k
′) = Z2
lim
ω → 0
lim
~q → 0
Γαγ,βδ(K+Q,K
′−Q,K,K ′)
(21)
where we have used the short-hands Q ≡ (~q, ω), K ≡
(~k, ǫ) etc with implicitly ǫ → 0, k → kF etc. Up to
second order, fαα(~k,~k
′) = fαα,αα(~k,~k
′) is given solely
by the diagram in Fig 1a, which gives the expression
written in eq (17). fαβ 6=α(~k,~k
′) = fαβ,αβ(~k,~k
′) has a
Hartree contribution in first order, and two second order
contributions. They are depicted by the diagrams in Fig
1b. These diagrams correspond respectively to the three
terms written down in eq (18). (The quasiparticle weight
Z can be taken simply as unity since the correction is at
least second order in a). The Nc− 1 factor enhancement
of fαα as compared with the spin 1/2 system is due to
the increase in number of choices for the intermediate
line labeled γ in Fig 1a. It is also clear from Fig 1b that
the effective interaction between distinguishable species
is independent of Nc to this order in g. We also note
that Fig 1a has the from of an interaction arising from
an induced density fluctuation in the γ component, as is
also clear from the appearance of a density response func-
tion (the term in the square bracket in eq (17)), though
however it involves an exchange in the sense that the in-
coming ~k line has become an outgoing ~k′ line, and vice
versa. (The corresponding diagram without the exchange
vanishes under the limits in eq (21)) This exchange is re-
sponsible for the result that fαα(~k,~k
′) > 0 (the term in
the square bracket in eq (17) is negative definite), and
thus an effective repulsive interaction between identical
species. Similar induced interaction has been discussed
in other contexts in cold atomic gases(e.g. [26]). Note
that in mean-field theory, fαα = 0 since identical parti-
cles do not interact, whereas fαβ is given entirely by the
Hartree contribution 4πa/M . We shall see that correc-
4tions to mean-field results can be important in particular
for large Nc.
The expressions for f
(1/2)
++ and f
(1/2)
+− can be found in
textbooks. To save space we would not reproduce these
equations, as well as the results for fαα and fαβ 6=α here,
but relegate them to Supplemental Material [24]. We
directly give the results here for the effective mass
M∗/M = 1 + (Nc − 1)
8
15π2
[7 ln 2− 1](kFa)
2 , (22)
the inverse compressibility
(dn/dµ)−1
(dn/dµ)−1free
= 1 + (Nc − 1)
2kFa
π
[1 +
2kFa
15π
(22− 4 ln 2)]
(23)
and the inverse generalized spin-susceptibility
χ−1
χ−1free
= 1−
2kFa
π
−
8(kF a)
2
15π2
[(11−
7Nc
2
)+2(Nc− 1) ln 2]
(24)
where the subscript free denotes the non-interacting gas.
The compressibility can also be obtained from the energy
per particle given in [27, 28].
The results for M∗/M and χ−1/χ−1free are plotted as
dashed lines in Fig 2. The deviation ofM∗/M from unity
is entirely due to non-mean-field effects, and is larger for
larger Nc. The modification of dn/dµ from its free gas
value however is dominated by the mean-field correction
(not plotted). The spin susceptibility would be discussed
in more detail below. The compressibility and the spin
susceptibility can be readily measured in experiments.
Both the compressibility and the magnetic susceptibil-
ity can be directly obtained from the density profile as
a function of trap position if the local density approx-
imation applies, and, if the trap is harmonic, even the
equation of state can be directly deduced (e.g. [29–35]).
They can also be measured via number fluctuations of
the gas. [36, 37] For example, for any two components
α and β, the total relative number fluctuation within a
subvolume V is related to χ via
〈(Nα −Nβ)
2〉 = kBTV χ (25)
where kB is the Boltzmann constant and T the temper-
ature. Here the angular brackets denote averages over
measurements. More general expressions can be found in
Supplemental Material [24]. (In [36, 37], seemingly only
the fluctuation integrated along the line of sight were
reported. In principle, one can deduce also the local sus-
ceptibilities, in direct analogy to what has been done for
the particle densities. Details can also be found in Sup-
plemental Material [24].) M∗/M can in principle also be
obtained from entropy via the equation of state [38]
Recently, there is a lot of interest on the ferromagnetic
properties of the two component repulsive gas [36, 37, 39–
49]. Hence, we here would like to give here a more de-
tailed discussion on the spin-susceptibility and contrast
the Nc = 2 case with general Nc. Fig 2c plots, in dashed
lines, the term 2N(0)f0,m which appears in the denom-
inator of χ. A negative (positive) sign of this term in-
dicates an enhancement (suppression) of ferromagnetic
tendency of the system. Within the mean-field approxi-
mation, it is simply −2kFa/π, and hence the susceptibil-
ity diverges at kF a = π/2. This divergence is indepen-
dent of Nc, as also noted in [10]. However, the higher
order terms in kF a modify this result. The second order
contribution can be easily evaluated to be
−
2kFa
π
4kFa
3π
[
(2−
Nc
2
)− (Nc − 1) ln 2
]
For Nc = 2, this term is negative, thus the ferromagnetic
tendency is enhanced. [42] (This qualitative trend is sup-
ported by numerical evaluations [43, 44]). However, for
Nc ≥ 3, the sign of this term is already reversed. This
is a consequence of the fact that the effective repulsive
interaction between identical species is proportional to
Nc − 1 and hence enhanced. Using the above formulas,
we find that, for Nc ≥ 3, 2N(0)f0,m > −1 for arbitrary
large kFa, and hence there is no ferromagnetic instabil-
ity under our approximations (though a first order phase
transition [10, 42, 50] to a ferromagnetic state is still
possible). We note that, as can be seen from Fig 2, the
correction to mean-field can already be substantial even
for modest kFa for large Nc.
Our expansion in kF a gives a large and positive
2N(0)f0,m for large kFa and Nc ≥ 3. However, this
result is likely to be an artifact of the kF a expansion.
In fact, one expects that the range of kFa values for our
expressions above to be reliable should be restricted to
kFa < 1/Nc, and hence become very small for Nc such
as 6 or 10. Hence we consider also the alternative where
one regards (NckF a) as a new (fixed) parameter, and
to perform an expansion in 1/Nc. The details are given
in Supplemental Material [24]. Both fαα and fαβ are
formally of order 1/Nc. They are both finite for large
NckF a > 0 as a result of screening. The corresponding
results for 2N(0)f0,m are also plotted as full lines in Fig
2a. We see that in general this factor is negative, satu-
rates at large kFa, and to a smaller value for larger Nc.
The results for χ−1, normalized to their free gas values,
are shown as full-lines in Fig 2b. It decreases fast with
kFa, mainly due to the increase in M
∗/M .
The behaviors of χ and f0,m are often considered as
indicators of whether there is a ferromagnetic tendency
of the system. If we examine these quantities alone, our
results above would indicate that, for larger Nc, the sys-
tem is further away from ferromagnetism. Interestingly
however, an examination of the energy of the system in-
dicates that the situation is more complex. Including the
interaction energy up to first or second order in a, it can
be shown [50, 51] that the unpolarized state actually be-
comes unstable at a smaller kFa for larger Nc. This may
indicate that, for larger Nc, the ferromagnetic transition
actually becomes more strongly first order. It would be
of great interest to examine whether this remains true
when higher order interaction terms are included.
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FIG. 1: Quasiparticle interactions in terms of Feynman diagrams. fαα(~k,~k
′) and fαβ 6=α(~k,~k
′) to second order in g.
Notations are given in text.
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FIG. 2: (Color online) (a) The effective mass M∗/M , (b) inverse spin susceptibility, as compared with its value for the free gas,
and (c) 2N(0)f0,m, as functions of kF a. Dashed lines: perturbation results to second order in kF a; full lines: 1/Nc expansion.
Also shown in (b) and (c) are the mean-field results (dotted). The inset in (c) show the details near small kF a for Nc = 6 and
10.
IV. CONCLUSIONS
In summary, we have considered the Fermi liquid the-
ory of an SU(N) dilute gas. Fermi liquid parameters are
evaluated beyond the mean field approximation. Though
the corrections to mean-field are formally higher order
in the gaseous parameter kF a, they are nonetheless en-
hanced by the number of components Nc. Currently,
kFa in the
173Yb experiments is ≈ 0.13 with Nc as large
as 6. While kFa for the
87Sr experiments are currently
somewhat smaller, Nc can be as large as 10. In both
cases, these beyond mean-field effects should be easily
measurable, and they would be even more important if
experiments can be carried out at higher densities.
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